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Motivation

I In some cases, all we know whether a certain event takes place or
not. For example, whether someone is employed or unemployed.

I As an another example suppose we want to explain whether a family
possesses a car or not.

I As data, suppose we have data on N families (i = 1, . . . , N) with
observations on their income xi2 and whether or not they own a car.

I In this case the dependent variable is binary and can be defined as

yi =

{
1 family i owns a car

0 family i does not own a car
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I Suppose we were to use a regression model to explain yi from x2i
and an intercept term:

yi = β1 + β2xi2 + εi

or in matrix form
yi = x′iβ + εi

where xi = [1 xi2]′, β = [β1 β2]′

I We also assume that
E[εi|xi] = 0

I Now we are going to see what might go wrong in this model:
basically two things
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1) E[yi|xi] is a probability!

I First we compute

E[yi|xi] = 1× P [yi = 1|xi] + 0× P [yi = 0|xi]

= P [yi = 1|xi]

but we also have

E[yi|xi] = x′iβ

I Therefore

E[yi|xi] = x′iβ = P [yi = 1|xi]

Thus the linear model implies that xiβ is a probability! But then
xiβ should lie between 0 and 1.

I This is only possible if the xi values are bounded and if certain
restrictions on β are satisfied. Usually this is hard to achieve in
practice and therefore this is a serious problem.

I The first (and most important drawback) of the linear model: it may
imply probabilities outside the [0,1] interval.
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2) εi|xi is heteroskedastic and is not Normally

distributed

I The error term εi has a highly non-normal distribution. In fact, it
can assume only two value, conditional on xi

I And we can compute the probabilities of these two values as

P [εi = x′iβ|xi] = P [yi = 0|xi] = 1− x′iβ

P [εi = 1− x′iβ|xi] = P [yi = 1|xi] = x′iβ

I Using these results we can also show that

var[εi|xi] = x′iβ(1− x′iβ)

I This implies that the variance of the error term is not constant but
dependent upon the explanatory variables.

I Therefore, the second drawback is that the error term is
heteroskedastic and non-normal.
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I Recall that when the dependent variable is binary we showed that
E[yi|xi] = P [yi = 1|xi] = x′iβ, but there was nothing to assure that
this quantity will be between 0 and 1. Binary choice models devise
functions so as to satisfy this constraint.

I Binary choice models assume that

P [yi = 1|xi] = F (x′iβ)

where

– 0 ≤ F (·) ≤ 1
– xi is a K-vector of observations
– β is a K-vector of unknown parameters

I There are three common choices of F
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Probit, Logit, LPM

1) When F is the standard normal distribution function

F (w) = Φ(w) =

∫ w

−∞

1√
2π

exp

{
−1

2
t2
}
dt

the binary model is called probit model.

2) When F is the standard logistic distribution function

F (w) = Λ(w) =
ew

1 + ew

the binary model is called logit model.
The logistic distribution Λ is similar to a normal distribution but has
a much simpler form so it’s commonly used. It has zero mean and
variance π2/3.
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Probit, Logit, LPM

3) A third choice corresponds to a uniform distribution over the interval
[0, 1] with distribution function

F (w) =


0 w < 0

1 0 ≤ w ≤ 1

1 w > 1

This results in the so-called linear probability model (LPM),
which is similar to the linear regression model, but the probabilities
are set to 0 or 1 if x′iβ exceeds the lower or upper limit, respectively.
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A Latent Variable Representation of Binary Models

I It is possible to derive a binary choice model from underlying
behavioural assumptions.

I This method is called a latent variable representation of the
binary model.

I This method is in common use even when such behavioral
assumptions are not made because its methodology is applicable to
some other cases.

I As an example let us look at an agent’s decision to accept a job or
not.

I It is reasonable to think that the agent will accept the job if the
utility difference between having a paid job and not having one is
above a certain threshold, which we can normalize to zero

I This utility difference might depend upon the wage as well as other
personal characteristics, like age and education, etc.
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I Thus, for each person i we can write the utility difference as a
function of observed characteristics, xi say, and unobserved
characteristics, εi, say.

I Assuming a linear additive relationship, we obtain for the utility
difference, denoted y∗i , the following regression

y∗i = x′iβ + εi

I Since y∗i is unobserved, it is referred to as a latent variable.

I What we observe is agent i’s job status yi. And let’s say yi = 1 if
employed and yi = 0 if unemployed.

I Combining this with our previous discussion that the agent would
take a job if and only if the utility difference is positive we obtain

yi =

{
1 y∗i > 0

0 y∗i ≤ 0
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I Now we can compute the probability of employment as

P [yi = 1|xi] = P [y∗i > 0|xi]

= P [x′iβ + εi > 0|xi]

= P [−εi ≤ x′iβ|xi]

= F [x′iβ]

where F is the distribution of −εi. But this is exactly the same
expression that we used to model binary dependent variables.

I The form of the binary model depends upon the distribution of εi, F .

I If a standard normal distribution is chosen, one obtains the probit
model; for the logistic distribution the logit model is obtained.

I We can express the probit model concisely as

y∗i = x′iβ + εi, εi ∼ NID(0, 1)

yi =

{
1 y∗i > 0

0 y∗i ≤ 0

The logit model can be represented similarly.
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Estimation of the Binary Model

I Since yi is a binary variable with yi ∈ {0, 1}, the likelihood
contribution of observation i can be written as

P [yi = 1|xi;β]yiP [yi = 0|xi;β]1−yi

I Then the likelihood function for the entire sample is thus given by

L(β) =

N∏
i=1

P [yi = 1|xi;β]yiP [yi = 0|xi;β]1−yi

I Substituting P [yi = 1|xi;β] = F [x′iβ] and taking logs we obtain the
loglikelihood function

`(β) =

N∑
i=1

yi logF [x′iβ] +

N∑
i=1

(1− yi) log(1− F [x′iβ])

I To find the mle estimators we proceed as usual: take first order
conditions, etc.
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Application: Unemployment Benefits

I As an example we consider a sample of 4877 blue-collar workers who
lost their jobs in the United States between 1982 and 1991, taken
from a study by McCall (1995).

I Not all unemployed workers eligible for unemployment insurance (UI)
benefits apply for it, probably owing to the associated pecuniary and
psychological costs. The percentage of eligible unemployed
blue-collar workers that actually apply for UI benefits is called the
take-up rate, and it was only 68% in the available sample.

I It is therefore interesting to investigate what makes people decide
not to apply.

I Here the dependent variable yi can be expressed as

yi =

{
1 applied for UI

0 otherwise
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Application: Unemployment Benefits

I The set of independent variables in xi is shown in the first column
of the following table. These variables include some personal
characteristics(schooling, age, racial, gender) as well as some other
variables beyond the agent’s control (for example state
unemployment).

I Motivating each variable is not the point of this example, but we are
going to focus on interpretation of the results and how three binary
model compare to each other
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Estimation Results

Figure: Binary choice models for applying for Unemp Benefits (blue-collar
workers)
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Comments on the Results

I The LPM is estimated by OLS, so no corrections for
heteroskedasticity are made, and no attempt is made to keep the
implied probabilities between 0 and 1.

I The logit and probit models are both estimated by maximum
likelihood.

I The estimates of β obtained from the logit model are roughly a
factor π/

√
3 larger than those obtained from the probit model,

acknowledging the small differences in the shape of the distributions.
This is because the logistic distribution has a variance of π2/3
whereas the variance in probit model is 1.

I The signs of the coefficients are identical across the different
specifications, while the statistical significance of the explanatory
variables is also comparable.
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Comments on the Results

I The dummy variable that indicates whether the job was lost because
of slack work is highly significant in all specifications, which is not
surprising given that these workers typically will find it hard to get a
new job.

I The higher the state unemployment rate and the higher the
maximum benefit level, the more likely it is that individuals will
apply for benefits, which is intuitively reasonable.

I Usually, goodness-of-fit is fairly low for discrete choice models.
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Multiple Response Models

I In many applications, the number of alternatives that can be chosen
is larger than 2.

I For example, instead of being interested in only whether an
individual works or not, we might be interested in learning about
how people choose between full-time work, part-time work or not
working.

I As an another example, we might be interested in the choice of a
company to invest in Europe, Asia or the United States.
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An important distinction exists between ordered response models and
unordered models:

I An ordered response model is generally more parsimonious but is
only appropriate if there exists a logical ordering of the alternatives.
The reason is that it assumes there is one underlying latent variable
that drives the choice between the alternatives. In other words, the
results will be sensitive to the ordering of the alternatives, so this
ordering should make sense.

I Unordered models are not sensitive to the way in which the
alternatives are numbered. In many cases, they can be based upon
the assumption that each alternative has a utility level and that
individuals choose the alternative that yields highest utility.
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Ordered Response Models

I Let us consider the choice between M alternatives, numbered from
1 to M

I If there is a logical ordering in these alternatives (e.g. no car, one
car, more than one car), a so-called ordered response model can
be used. This model is also based on one underlying latent variable
but with a different match from the latent variable, y∗i , to the
observed one yi ∈ {1, 2, . . . ,M}.

I We can express an ordered response model as follows

y∗i = x′iβ + εi

yi = j ⇐⇒ γj−1 < y∗i ≤ γj

for unknown parameters with γ0 = −∞, γ1 = 0 and γM =∞
(Setting γ1 = 0 is just a normalization).
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Ordered Response Models

I Consequently, the probability that alternative j is chosen is the
probability that the latent variable y∗i is between two boundaries
γj−1 and γj .

I Assuming that εi is i.i.d. standard normal results in the ordered
probit model. The logistic distribution gives the ordered logit
model.

I For M = 2 we are back at the binary choice model.
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Example

I Suppose an agent answers the question How much would you like to
work? in three categories not, part-time and full-time.

I To model the outcomes, yi = 1 (not working), yi = 2 (part-time
working) and yi = 3 (full-time working), we note that there appears
to be a logical ordering in these answers.

I To be precise, the question is whether it is reasonable to assume
that there exists a single index y∗i = x′iβ such that higher values for
this index correspond to, on average, larger values for yi. Here, we
can interpret y∗i as ’willingness to work’

I We can express the ordered response model for this example as

y∗i = x′iβ + εi

yi =


1 y∗i ≤ 0

2 0 < y∗i ≤ γ
3 y∗i > γ
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I For the rest of this example assume that εi ∼ NID(0, σ2)

I Then we can compute the probability of each outcome as

P [yi = 1|xi] = P [y∗i ≤ 0|xi] = Φ (−x′iβ)

P [yi = 3|xi] = P [y∗i > γ|xi] = 1− Φ (γ − x′iβ)

P [yi = 2|xi] = P [y∗i > γ|xi] = Φ (γ − x′iβ)− Φ (−x′iβ)

I γ is an unknown parameter that is estimated jointly with β.

I This point is interesting: so, we choose the threshold value as well.
In an MLE framework this means that we choose this value to
maximize the likelihood of the sample.
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I Using these probabilities we can write the likelihood function for a
sample of size N as

L(γ,β) =

N∏
i=1

P [yi = 1|xi; γ,β]a1P [yi = 2|xi; γ,β]a2P [yi = 1|xi; γ,β]a3

where

a1 = (2− yi)(3− yi)− 1

a2 = −(1− yi)(3− yi)
a3 = (1− yi)(2− yi)− 1

I Instead of a1, a2, a3 we could use three dummies defined as: dij = 1
if yi = j, j = 1, 2, 3.
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