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[1] Exercise 6.6

a) This regression is likely to suffer from omitted variable bias because there are other
important determinants of a country’s crime rate that are also correlated with the
country’s police force.

b) For example, the population of the country can be one of such omitted factors. We
would expect that as the population of a country increases, the police force will
increase as well. On the other hand, we can claim that as the population increases
the crime rate increases as well because of some sort of congestion effect or increasing
likelihood of conflict among people over scarce resources. If this is the case we would
have

PoliceForce

Population

CrimeRate
(-)

(+
)

(+)

But if we omit Population, our sample regression would be the following

̂CrimeRatei = β̂0 + β̂1PoliceForcei

here β̂1 would contain two effects: (i) the direct (or causal) effect of PoliceForce on
CrimeRate (ii) the indirect effect of PoliceForce on CrimeRate through Population.
In this example, because of positive indirect effect, β̂1 will understate the true causal
effect of PoliceForce on CrimeRate. However, note that here we assumed that the
direct effect was negative, but if you would like to assume this effect is positive, that
is fine too because there is no economic theory or compelling reasoning why that
shouldn’t be the case. But in this case, we would be overestimating the true causal
effect.

[2] Exercise 6.8

The results given in the question can be represented as

SleepHours DeathRate
(+)

However, if people with chronic illnesses sleep more and the death rate is higher for those
people then we have the following situation:

SleepHours

ChronicIllness

DeathRate
(+)

(+
)

(+)
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If this was the representation of the true model then we would be overestimating the true
causal effect SleepHours on DeathRate but at least the direction of the result would be
correct.

However, if we have the following situation

SleepHours

ChronicIllness

DeathRate
(-)

(+
)

(+)

AND if the (+)ve indirect effect is dominating the (-)ve direct effect then a regression
omitting ChronicIllness would still have a positive slope term even though the true
causal effect of SleepHours on DeathRate were negative.

Since from the given analysis we can’t decide which one is the case, this study says nothing
about the causal effect of sleep on mortality.

[3] An equation suffers from perfect multicollinearity if we can find a linear relationship
between the independent variables. For example, if we can write X = aY + bZ for some
constants a and b, then we say X is a linear combination of Y and Z, so there is a linear
relationship between them.

a) Ct = α+ βXt + γ1D1tXt + γ2D2tXt + γ3D3tXt + γ4D4tXt + ut

Since

Xt =
4∑

k=1

DktXt

the equation suffers from multicollinearity. The variables associated with β and the
γ′s are linearly dependent.

b) Ct = α + βXt + γ1D1tXt + γ2D2tXt + γ3D3tXt + γ4(1 − D1t − D2t − D3t)Xt + ut
Similarly to the above, since we have the following linear relationship among the
independent variables

Xt =

3∑
k=1

DktXt + (1−
3∑

k=1

Dtk)Xt

this regression also suffers from perfect multicollinearity.

c) Ct = α+ δ1D1t + δ2D2t + γ1D1tXt + γ2D2tXt + γ3D3tXt + γ4D4tXt + ut

This regression does not suffer from perfect multicollinearity. It would suffer from
perfect multicollinearity if, for instance, the regression equation contained the addi-
tional term βXt.

d) Ct = α+ δ1D1t + δ2D2t + βXt + γ1D1tXt + γ2D2tXt + γ3D3tXt + ut

This regression does not suffer from perfect multicollinearity.

[4] a) Slope coefficients of Xt for each of the regressions in the previous part:

(a) β + γk, where k indicates the quarter.

(b) β + γk
(c) γk
(d) β for the fourth quarter, and β + γk for the remaining three quarters.

2



b) The estimates should be identical. In the first regression the coefficient estimates
γ̂ can be interpreted in isolation, whilst in the second regression, the coefficient
estimates are to be interpreted in relation to the fourth quarter given by β̂.

More precisely, we could replace D4t in regression (c) with 1−D1t −D2t −D3t. Re-
arranging this equation, relabelling some of the coefficients would give us precisely
the regression equation (d).

Comparing the estimated two models we should get the following results, where the
coefficients from regression (c) are on the LHS, and the coefficients from regression
(d) on the RHS:

γ̂1,(c) = β̂(d) + γ̂1,(d)

γ̂2,(c) = β̂(d) + γ̂2,(d)

γ̂3,(c) = β̂(d) + γ̂3,(d)

γ̂4,(c) = β̂(d)

[5] Determine whether the following are true or false and explain why:

a) Adjusted R2 can be negative. Recall that

R̄2 := 1− n− 1

n− k − 1
(1−R2)

To see that R̄2 can be negative, suppose R2 = 1
2 , n = 11, k = 6, which are all

admissible values, since R2 ∈ [0, 1] and n ≥ k. Then,

R̄2 = 1− 11− 1

11− 6− 1
· 1

2

= 1− 5

4
< 0

b) Adjusted R2 can be larger than 1. To see that R̄2 cannot exceed 1, note that

n− 1

n− k − 1
(1−R2) > 0

since n−1
n−k−1 > 0 and R2 ∈ [0, 1]. Thus,

R̄2 := 1− n− 1

n− k − 1
(1−R2) ≤ 1

[6] Exercise 7.6

In isolation, these results do imply gender discrimination. Gender discrimination means
that two workers, identical in every way but gender, are paid different wages. Thus, it
is also important to control for characteristics of the workers that may affect their pro-
ductivity (education, years of experience, etc.) If these characteristics are systematically
different between men and women, then they may be responsible for the difference in
mean wages. (If this were true, it would raise an interesting and important question of
why women tend to have less education or less experience than men, but that is a question
about something other than gender discrimination in the U.S. labor market.) These are
potentially important omitted variables in the regression that will lead to bias in the OLS
coefficient estimator for Female. Since these characteristics were not controlled for in the
statistical analysis, it is premature to reach a conclusion about gender discrimination.
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[7] Exercise 7.8

a) Using

R̄2 := 1− n− 1

n− k − 1
(1−R2)

We find
R2

1 = 0.051
R2

2 = 0.427
R2

3 = 0.775
R2

4 = 0.629
R2

5 = 0.775
where R2

j denotes the R2 from Column j.

b) H0 : β3 = β4 = 0
H0 : β3 6= 0 and/or β4 6= 0

Unrestricted Regression:

Yi = β0 + β1X1i + β2X2i + β3X3i + β4X4i + ui, R2
5 = 0.775

Restricted Regression:

Yi = β0 + β1X1i + β2X2i + ui, R2
2 = 0.427

F =

(
R2
u −R2

r

)
/q

(1−R2
u) /(n− k − 1)

=

(
R2

5 −R2
2

)
/q(

1−R2
5

)
/(n− k − 1)

=
(0.775− 0.427) /2

(1− 0.775) /(420− 4− 1)
= 322.22

5% Critical value from F2,∞ = 3.00 so H0 is rejected at the 5% level ( As 1% Critical
value from F2,∞ = 4.61 we would reject this at 1% level too).

c) Not included (Benforroni is not on the exam)

d) [
β̂1 − 2.58× SE(β̂1), β̂1 + 2.58× SE(β̂1)

]
= [−2.41,−0.31]

[8] a) H0 : β1 = β2 ⇐⇒ H0 : β1 − β2 = 0. Now, add and subtract β2X1i in the original
regression to obtain

Yi = β0 + (β1 − β2)X1i + β2(X2i +X1i) + ui

= β0 + γX1i + β2Wi + ui

where γ = β1 − β2 and Wi = X2i + X1i. Estimate this regression and test the
significance of γ.

b) H0 : β1 +2β2 = 0. Now, add and subtract 2β2X1i in the original regression to obtain

Yi = β0 + (β1 + 2β2)X1i + β2(X2i − 2X1i) + ui

= β0 + γX1i + β2Wi + ui

where γ = β1 + 2β2 and Wi = X2i − 2X1i. Estimate this regression and test the
significance of γ.
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c)
H0 : β1 + β2 = 1 ⇐⇒ H0 : β1 + β2 − 1 = 0

Therefore it is enough to manipulate the population regression model so that this
second expression above appears in front of one of the variables so that we can use
t-test.

Add and subtract β2X1i to obtain

Yi = β0 + (β1 +β2)X1i−β2X1i +β2X2i +ui = β0 + (β1 +β2)X1i +β2(X2i−X1i) +ui

Now subtract X1i from both sides to obtain

Yi −X1i = β0 + (β1 + β2 − 1)X1i + β2(X2i −X1i) + ui

Defining Y ∗i = Yi −X1i, γ = β1 + β2 − 1 and Wi = X2i −X1i we have

Y ∗i = β0 + γX1i + β2Wi + ui

and now we can use t-test to test H0 : γ = 0 against H0 : γ 6= 0.

Here is one situation where this kind of hypothesis testing might be of interest. For
example, suppose that the following denotes the production function of firm i

Fi = AKβ1
i L

β2
i

where Ki and Li denote capital and labor used by firm i and A is just a constant
and Fi is the output produced by firm i.

This production function is called Constant Returns to Scale if β1 + β2 = 1.

Suppose we have data from n firms, i.e. we have {Fi,Ki, Li}ni=1 and we would like
to test whether the production function is CRS in this economy.

First rewrite the model as

logFi = β0 + β1 logKi + β2 logLi

Defining Yi = logFi, X1i = logKi and X2i = logLi we are back to the population
regression model that we started with in part (c) and then we can follow the same
procedure to test whether the production function is CRS in this economy, i.e. H0 :
β1 + β2 = 1.

[9] a) In response to five more hours per week sleep is predicted to fall by

∆ŝleep = −0.148 ∆totwork = −0.148× 300 = 44.4 minutes per week.

b) H0 : β2 = 0, H1 : β2 6= 0

teduc = −11.13/5.88 ≈ −1.89 < 1.96 =⇒ Fail to reject H0

H0 : β3 = 0, H1 : β3 6= 0

tage = 2.20/1.45 ≈ 1.52 < 1.96 =⇒ Fail to reject H0
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c) H0 : β2 = β3 = 0
H1 : eitherβ2 6= 0 and/or β3 6= 0

F = (0.113−0.103)/2
(1−0.113)/(706−3−1) ≈ 3.96 > F2,∞ = 3 =⇒ Reject H0

Note that although both educ and age are statistically insignificant (part b), they
are jointly significant at the 5% level.

[10] a) The results in (II) indicates a negative causal effect of totwork on sleep. However,
if we have the following situation

totwork

Z

sleep
(+)

(-
)

(+)

AND if the (-)ve indirect effect through Z dominates the (+)ve direct effect then a
regression omitting Z would still have a (-)ve slope term even though the true causal
effect of totwork on sleep were (+)ve.

b) R2 in regression (I) is higher than the one in regression (II) because the number of
explanatory variables is higher in regression (I).

Yes, this is a general phenomenon. As we discussed in class, OLS estimators are
obtained by minimizing SSR. As the number of parameters increase (i.e. number of
explanatory variables) this quantity cannot be greater than its previous level. But
since R2 = 1 − SSR/TSS, this implies that R2 cannot decrease as the number of
independent variables increase.

[11] a) Since the second independent variable Yt is always equal to the sum of the last two
variables, there is multicollinearity, i.e. Yt = D1tYt +D2tYt for all t.

b) There is no perfect multicollinearity.

c) There is perfect multicollinearity as log Yt + logZt = log(YtZt).

d) There is perfect multicollinearity as Zt = D1tZt +D2tZt for all t.

[12] a) First rewrite the model as

logFi = logA+ β1 logKi + β2 logHi + β3 logLi

Defining Yi = logFi, β0 = logA, X1i = logKi, X2i = logHi, and X3i = logLi we
can write the population regression model as

Yi = β0 + β1X1i + β2X2i + β3X3i + ui

To test CRS:
H0 : β1 + β2 + β3 = 1
H1 : β1 + β2 + β3 6= 1

Add and subtract β2X1i and β3X1i to obtain

Yi = β0 + (β1 + β2 + β3)X1i + β2(X2i −X1i) + β3(X3i −X1i) + ui
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Now subtract X1i from both sides of the equation to obtain

Yi −X1i = β0 + (β1 + β2 + β3 − 1)X1i + β2(X2i −X1i) + β3(X3i −X1i) + ui

or
Y ∗i = β0 + δ1X1i + β2W1i + β3W2i + ui

where definitions of the new parameters and variables should be clear above.

To test CRS:
H0 : δ1 = 0
H1 : δ1 6= 0
And we can conclude this test by testing the significance of δ1 with a two-sided t-test.

b) Similar to part (a), add and subtract β2X1i and then subtract 0.8X1i from both sides
of the equation to obtain

Yi − 0.8X1i = β0 + (β1 + β2 − 0.8)X1i + β2(X2i −X1i) + β3X3i + ui

or
Y ∗i = β0 + δ1X1i + β2W1i + β3X3i + ui

Now we want to test
H0 : δ1 ≤ 0
H1 : δ1 > 0

Note that I put β1 + β2 − 0.8 = δ1 > 0 under the alternative hypothesis because H0

cannot involve strict inequality.

To conduct this test, suppose we ran this regression to obtain

Ŷ ∗i = β̂0 + δ̂1X1i + β̂2W1i + β̂3X3i

and suppose the standard errors of the estimators are also computed.

Now, we can compute the test statistics:

ta =
δ̂1 − 0.8

SE(δ̂1)

To conclude the test compare tact with the one-sided critical t value.

c) Similar to part (b), add and subtract β2X1i and then subtract 0.3X3i from both sides
of the equation to obtain

Yi − 0.3X3i = β0 + (β1 − β2)X1i + β2(X2i +X1i) + (β3 − 0.3)X3i + ui

or
Y ∗i = β0 + δ1X1i + β2W1i + δ2X3i + ui

Our original test can now be expressed as

H0 : δ1 = 0 and δ2 = 0

H1 : either δ1 6= 0 and/or δ2 6= 0
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Suppose running this regression produces

Ŷ ∗i = β̂0 + δ̂1X1i + β̂2W1i + δ̂2X3i, R2
u = . . .

We should also run the restricted regression under H0:

Ŷ ∗i = β̂0 + β̂2W1i, R2
r = . . .

Now compute

F =

(
R2
u −R2

r

)
/q

(1−R2
u) /(n− k − 1)

where q = 2 and k = 3.

Finally compare this F with the critical values: if F > F2,∞ = 3 =⇒ reject H0.
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